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Goldbach’s Other Other Conjecture

I The conjecture that prompted this research as follows:

I Let A be the set of numbers a for which a2 + 1 is prime. Then
every a ∈ A (a > 1) can be written in the form a = b + c , for
b, c ∈ A.

I This comes from a October 1, 1742 letter from Goldbach to
Euler.
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Computations

I The first thing to observe is it would be useful to have a table
of numbers of the form x2 + 1 to test these ideas.

I I noted that a table up to 1025 had been computed by Wolf
and Gerbicz (2010).

I I said, “I can beat that.”
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Results of Computation

I Let πq(x) be the number of primes of the form a2 + 1 up to x .

I πq(1026) = 237542444180.

I πq(1027) = 722354138859.

I πq(1028) = 2199894223892.

I πq(6.25× 1028) = 5342656862803.

Jon Grantham Hester Graves Goldbach Variations



Verification of Conjecture

I We have confirmed Goldbach’s conjecture up to 1028.

I I.e. for a up to 1014.

I How do you confirm it, given this 30+ terabyte list?

I Let an be the nth integer such that a2
n + 1 is prime.

I Is an − an−1 = ai for some i? How about an − an−2?

I How far back do you have to go?
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Large values of j(an)

I Let j(an) be the smallest value of i such that an − an−i = ak .

I Let’s look at champion values.

I j(74) = 3.

I j(384) = 6.

I j(860) = 7.

I j(1614) = 10.

I j(7304) = 12.

I j(14774) = 14.

I j(37884) = 17.

I j(103876) = 21.

I j(191674) = 23.

I j(651524) = 24.
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Even larger values of j(an)

I j(681474) = 26.
I j(1174484) = 38.
I j(10564474) = 44.
I j(19164094) = 48.
I j(30294044) = 52.
I j(279973066) = 56.
I j(709924604) = 58.
I j(2043908624) = 64.
I j(2381625424) = 65.
I j(4862417304) = 69.
I j(8476270536) = 70.
I j(10835743444) = 71.
I j(58917940844) = 83.
I j(88874251714) = 90.
I j(109327832464) = 105.
I j(2537400897706) = 125.

≈ 4.376 log(2537400897706).
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Hypothesis H

I There are few unconditional results about primes of a special
form.

I So let’s assume a well–known conjecture.

I Schinzel’s Hypothesis H (1958):

I Take a set of polynomials fi (x) such that there is no p for
which

∏
fi (a) ≡ 0 for all a ∈ Fp.

I The polynomials are simultaneously prime for infinitely many
values of x .
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How often is j(an) > 1?

I Let f1(y) = (65y + 9)2 + 1 and f2(y) = (65y + 1)2 + 1.

I Both will be prime simultaneously infinitely often, assuming
Hypothesis H.

I But will they be consecutive primes of the form x2 + 1?

I Yes!

I (65y + 3)2 + 1 ≡ 0 mod 5.

I (65y + 5)2 + 1 ≡ 0 mod 13.

I (65y + 7)2 + 1 ≡ 0 mod 5.

I Any such f1(x)− f2(x) = 8 6∈ A.

I So j(an) > 1 infinitely often.
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Growth of j(an)

I Assuming Hypothesis H, a more complicated version of this
argument gives lim supn→∞ j(an) =∞.

I It is easy to form the polynomials, but mildly tricky to ensure
that the polynomials aren’t identically zero for some p.

I A less complicated version of this argument gives
lim infn→∞ j(an) = 1.
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A Generalization

I It is fun to verify the conjecture of Goldbach.

I However, Michael Filaseta asked about a comparison of A + A
to 2Z instead of just to A.

I In fact, we quickly verify this up to 1011.

I Conjecture: Let A be the set of numbers a for which a2 + 1 is
prime. Then every a ∈ 2Z (a > 0) can be written in the form
a = b + c, for b, c ∈ A.
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A More General Generalization

I What if we think of x2 + 1 as the 4th cyclotomic polynomial?

I Conjecture: Let φk(x) be the kth cyclotomic polynomial.

I Let Ak be the set of positive integers such that φk(x) is prime.

I Then any sufficiently large even integer can be written as the
sum of two elements in Ak .

I For k = 1 and k = 2 this is actually the more famous
Goldbach conjecture!

I For k = 4, this is the less–famous conjecture we had been
studying.
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More computations

I Fortunately, φ3(x − 1) = φ6(x), so we can do two
computations for the price of one.

I As far as we can tell, the only computations of primes of this
type are due to Luigi Poletti in 1929.

I Google him later. Seriously.

I We are in the process of extending these computations and
doing higher-degree computations.
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